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I NTRCDUCTI ON

In isotropic materials, the direction of the energy flux
(energy per unit time per unit area) of an ultrasonic plane
wave i s always along the sanme direction as the normal to the
wave front. In anisotropic materials, however, this is true
only along symmetry directions. A ong other directions, the en-
ergy flux of the wave deviates fromthe intended direction of
propagati on. This phenonmenon is known as energy flux deviation
and is illustrated in Fig. 1.. The direction of the energy fl ux
I s dependent on the elastic coefficients of the material [1,2].
This effect has been denonstrated in nmany ani sotropic crystal -
line materials. In transparent quartz crystals, Schlieren
phot ogr aphs have been obtai ned which allow visualization of the
ul trasoni c waves and the energy flux deviation [3].

The energy flux deviation in graphite/epoxy (gr/ep) conpos-
ite materials can be quite | arge because of their high
ani sotropy. The flux deviation angl e has been cal cul ated for
uni directional gr/ep conposites as a function of both fiber ori-
entation and fiber volune content [4]. Experinental
neasur erments have al so been nade in unidirectional conposites
[5]. It has been further denonstrated that changes in conposite
materials which alter the elastic properties such as noisture
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Fig. 1. Illustration of energy flux deviation of an ultrason-
ic wave in an anisotropic material.

absorption by the matrix or fiber degradation, can be detected
nondestructively by measurenents of the energy flux shift [6].

In this research, the effects of nonlinear elasticity on
energy flux deviation in unidirectional gr/ep conposites were
studi ed. Because of elastic nonlinearity, the angle of the ener-
gy flux deviation was shown to be a function of applied stress.
This shift in flux deviation was nodel ed usi ng acoustoel astic
theory and the previously neasured second and third order el as-
tic stiffness coefficients for T300/5208 gr/ep [7,8]. Two
conditions of applied uniaxial stress were considered. In the
first case, the direction of applied uniaxial stress was al ong
the fiber axis (x3) while in the second case it was perpendi cu-
lar to the fiber axis along the |am nate stacking direction

(Xq).
THEORY

Assum ng linear elasticity, the conponents of the energy
flux vector (E) are a function of the linear elastic stiffness
coefficients (cjjx) and the spatial and time derivatives of
the di splacenent vector (u;) [1,2]. The equation is given by

au, \( du,
E = _Cijkl(giTJLST') (1)

where the Einstein summation convention on repeated indices is



assuned t hroughout this paper. The angle of energy flux devia-
tion can then be cal cul ated as the angl e between the energy
flux vector and the normal to the plane wave front.

To include nonlinear elastic effects on the energy flux de-
viation, acoustoelastic theory is used. This theory predicts an
“effective” linear elastic stiffness tensor (cﬂjk|) that is a
function of the second and third order elastic coefficients and
the applied stress (o;;) [9]. The expression for the “effec-
tive’ stiffness tensor is given by

C*niij = Kniij +95; 9y (2)
where §; is the Kronecker delta and ky j; is given by
Kntij = Cniij *CriijEnr *Cnsij&s*Cnipjip*Cniiqfiq
+ CnI ij uv €uv + Crl ij uv EuvEnr + Cnsi ] uvuvéls
+ Cnl pj uvguvsip+cnliquv8uv8jq : (3)

In this expression, Cjjy gy are the third order elastic stiff-
ness coefficients and ¢; are the strains resulting fromthe
applied stresses. If the applied stresses are within the |inear
elastic regime, the strains are given by

& = Sijki Ok (4)
where sjji are the linear elastic conpliances which are the in-
verse of the stiffnesses.

Thus, if the Iinear elastic stiffnesses and conpli ances,
the third order elastic stiffnesses, and the applied stresses
are known, an “effective” stiffness tensor can be cal cul at ed.
This can then be used to conmpute the changes in energy flux de-
viation as a function of applied stress which are a result of
nonli near elastic effects.

MODEL CALCULATI ONS

The effect of stress on the energy flux deviation was nod-
el ed for unidirectional T300/5208 gr/ep which was assuned to be
transversely isotropic. The fiber axis was designated to be the
Xz axis while the | amnate stacking direction which is perpen-
dicular to the fibers was chosen to be the x; axis. The val ues
of the previously neasured nonzero i ndependent |inear elastic



stiffness and conpliance coefficients for this material are
listed in Table 1. Likew se, the values of the previously nea-
sured ni ne i ndependent nonzero third order stiffness
coefficients are given in Table 2. In both tables, the contract-
ed subscript matrix notation is used.

Cij (GPa) Sij (GPa) "1
C11 14. 26 S11 0. 092
C12 6.78 S12 -0. 042
C13 6.5 S13 -0. 003
Cas 108. 4 Sa3 0. 0096
Cas 5. 27 Su4 0.190

Table 1. Linear elastic stiffness and conpliance coefficients.

Cijk (GPa) Cijk (GPa)
C111 -196 C1ss -49.1
C112 -89 C344 -47
C113 -4 C133 -236
C123 65 C333 - 829
C144 -33.4

Table 2. Third order (nonlinear) elastic stiffness
coefficients.

Cal cul ations were perforned for elastic waves propagati ng
in the xyx3 plane. As in any anisotropic bulk material, three
el astic waves will propagate along any direction in this plane.
O the three waves propagating in this plane, one of themis al-
ways a pure node transverse (PT) wave with its particle
di spl acenment pol ari zed perpendicular to the x; and x3 axes
(i.e. along the x, axis). The other two nodes are quasi- node
waves with conmponents of particle displacenents both al ong
their direction of propagation and perpendicular toit. One is
a quasi -transverse (QI) node wave while the other is a quasi-
| ongi tudi nal (Q) node wave. Al three nodes suffer energy flux
devi ation except for propagation along the fiber axis (x3) and
the lam nate stacking axis (x;). These are symmetry directions,



al ong which, all three nodes are pure node waves and none suf -
fers energy flux deviation.

For fiber orientations of |ess than 60 degrees, the Q
node propagates with a faster velocity and its energy flux devi -
ates toward the fiber direction. The energy flux of the QI node
deviates in the opposite direction toward the x; axis. Between
60 and 90 degrees, these nodes transition with the QL node be-
com ng the QI node and vice-versa. Because of the conplexity of
the wave behavior in this region, it was excluded fromthis
st udy.

The energy flux deviation was first conmputed for the condi-
tion of no applied stress. Then, calcul ations were perforned
for two different states of uniaxial stress. The first was
stress along the fiber direction (x3) of a nmagnitude of 1 GPa.
The second was along the | amnate stacking (x;) direction with
a magni tude of 0.1 GPa. These values are near the reported ulti-
mate strengths of this material along the respective
directions. This allows an estinmate of the maxi rumeffects of
stress on energy flux deviation. For both conditions, the
change in the energy flux deviation angle fromthe condition of
zero applied stress was conputed over the range of propagation
directions of O to 60 degrees fromthe fiber axis at two degree
i nterval s.

RESULTS AND DI SCUSSI ONS

The flux deviation angles of the three nodes as a function
of fiber orientation at zero stress are plotted in Fig. 2. The
fiber orientation angle is the angle between the fibers and the
normal to the wave front or the intended direction of propaga-
tion. A positive flux deviation angle inplies the energy
devi ates away fromthe fiber direction toward the x; axis while
a negative deviation neans that the energy deviates toward the
fibers. Over this range of fiber orientation angles, the energy
of the QL and PT node waves deviates toward the fibers while
that of the QI deviates away fromthe fibers.

In Fig. 3. the change in the predicted energy flux devia-
tion due to the application of stress along the fibers is
plotted as a function of fiber orientation angle. The energy of
the QI node wave suffers the largest shift in flux deviation
reachi ng a maxi mum of three degrees at a propagation direction
of approximately 20 degrees with respect to the fiber direc-
tion. That of the PT nobde changes by a snaller anount in the
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Fig. 2. Energy flux deviation as a function of fiber orienta-
tion angle for case of no applied stress.

opposite direction while the Q. node wave suffers a negligible
shift.

The rel ative magni tudes of the flux deviation shifts of
the different nodes can be explained qualitatively by consider-
ing the ratios of the nagnitude of the nonlinear elastic
coefficients to the linear coefficients. The primary el astic co-
efficients affecting the propagati on of the PT and QI nodes are
those dom nated by the matrix properties. These are cqq, Cjo,
Ca4, Cq1117, and cq1o. The nagni tudes of the nonlinear coeffi-
cients are over an order of nmagnitude |larger than the |inear
coefficients in this case. However, the ratios of the nonlinear
to linear coefficients which domnate the propagation of the Q
wave (Czz, Cq133, and c333) are much snaller even though the nag-
ni tudes of the individual coefficients are larger. Therefore,
the effect of nonlinear elasticity on the energy flux deviation
shoul d be nmuch smaller for the QL node wave. The previ ous nea-
surenents of the effect of matrix degradation on energy fl ux
devi ation al so showed a | arger change in the flux deviation of
the QI node wave with al nost no change in the @ node wave [6].

The shift in energy flux deviation due to applied stress
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Fig. 3. Change in energy flux deviation due to a 1 GPa stress
applied along the x5 or fiber direction.

along the x; axis is showmn in Fig. 4. Again the QI node wave
suffers the largest change in flux deviation angle while the Q.
node i s al nost unchanged. It is interesting to note that the di-
rection of the change in energy flux is in the opposite
direction fromthe case of applied stress along the fiber

di rection.

These cal cul ati ons denonstrate the effect of nonlinear
elasticity on the energy flux deviation of ultrasonic waves in
gr/ep conposite materials. The nodes indicate the angles of fi-
ber orientation and wave nodes that suffer the maxi mumshift in
flux deviation for the cases of applied stress considered. This
wll aid in future experinmental neasurenents of this effect. A -
t hough the nodel s presented were for bul k waves propagating
through a thick conposite material, the sane effect is expected
for plane plate waves propagating in thin plates. The | onger
propagati on pat hs possi bl e along pl ates woul d make the effect
nore neasurabl e and thus could inprove the stress resol ution
possi ble. This effect could be used to devel op a new nondestr uc-
tive nmethod for nonitoring stress in conposite materials or as
a new nethod for nmeasuring their nonlinearity.
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Fig. 4. Change in energy flux deviation due to a 0.1 GPa stress

applied along the x; or Iamnate stacking direction.
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